From MIT: An introduction to algorithm

Sunday, January 26, 2020 7:55 PM

As jmfhﬁc Notation
fm) = Quym

means. 3 wnd C>° n.>0.
st 0efmecqgm vy

macro _convention
asyn"wﬁfﬁ
ex 0w = 0.
maans. Y fio € Om . 3 genye 0.

ot n‘*ﬁ»\) = gov

Morover, Q) potation .
{ -f(u): _n.(gw)
Jeso.
s»t.c oo 2‘5,‘:)'5 fem 2. Recursion—tree methed.
Tx Tem= Tuk)+ TR +n
13

® notation.
T(")': A 4 2
Crict notations: O" 0 fow T(%/\ T /U/ﬂz [?f) —&n
L A £, 277 » > 25y
w184 S ve. Imo. oo of) oA O 35w
RAF ). - Lo
ﬂeombff'c geries

Cot lond~by~ ol > bowrd.

3
T ¢ !+7§r*--' *(7?‘) +o

Solving Recurrences
3Tm= Q)
1. Cubstitution - i 2 Master Theorom
Bauss = prove by indlaction. - aT(n/b)+fm)

X. m= 4TL)+ N where a2 <l an} : Asght C_aﬂ Zug'{h\le
Es %, . h b oti

@ 3 nevo Y none 1‘l~)>')\
Cbmrlkn ) with n

Bawss 1
Assume Tchre CE' f)y ken e
Tim= 4T(M) 40 Cue t fom= O(,\"ﬁb ) for some €70,
< g (B — ; Ly &
senttn BB T = %(: k ) .
. ; . b n r Some k2o
S PAgme TIECK- G for ken s Ga2  fm= BC2 u,tﬂa )Mf’
T = 4 Teh)tn 5 Tw= O lﬂ n)
< 40, (%)"_4[1(—:—')7‘h Case3 ft'\J:_ﬂ_ (nl’jha*i) ]q” sime go.
= GNA-RGNA = Cn-GN- & aft%)s wofo) ]"‘”' ome 250
[et Oyl 2671207 o Ton = © )

3 T ean-Gr D Toy= 00

Divide ano( Cor(?uer OD\WCksorf Hoare 1962
= Divide & opnqmer

Mw‘t —vey Fmrtical

Tm=2T(m) + O,

3> Tm= © ( nbj’b) L\Ij master Theotem
Fibonacei Seiuenw E@Z}
2. Cawiulr (Reawsie)

1. Favﬁﬁw\ a.yra_l] into 2 suLayrajs a,mum( -')fvot X

[0} recwrsive - e
Tew = T+ T Ow 3. Combine
Temy =P -5 N
I ¢ def Partition (A,p,q): // array A from p to q

pivot = A[p]



@ recursive -
Tew = T + T Ow

Ty =0 pY) L PR

tteration.

@ bettom-u
Comrh‘f‘! Fo. - -o-Fn

®h- &

S T =0

neatest fhﬁjll .

T= O tlgn)

® Recusive Squavina,
RGof=(F R

2 Tm= T+ 08
Tm= @((y\)

N\KHIX MuHit}fcaﬂ on

Nove: A.B mxn. AR om)
Divide € conguer (Blmk matyix)

rl i 3‘“

Tn-8 TR+ 0

Agn?n nk
%
Pz a(f-h) Ps = tatd)- (eth)
Do lashy-h = (i) > Tom=7T63)+ 0"
Pc (d)e  BeaeretP Tms @07
Pes dig-9 re PtPe-Rt
szP+Pe
C {‘r_, _S,} t= Pyt
tin w= ps +PoPR
VLSI Lager
Embed o aomlﬂet‘e binayj “tree .
Areatmy= HO -wer)
Hoy = HE+ 1 Hoo=©(lgn)
W > wen W) 1 W= ®)
Ei)ﬁ l Ama(h): @(hljh)
T - Hoy= 2H(ZE) + |
Hwy D HM - @(JE)
\/ Arach) = B(n)

— W —
= H)

3. Lombine.

def Partition (A,p,q): // array A from pto q

pivot = A[p]
forj=p+ltoq
if A[j] <=X

i=i+l
exchange A[i] with A[j]
exchange A[p] with A[i]

return
Am}l&sis
worst case : inruf sorted  or reverse sorted
T = Ty + O
= QW0
Besf @se grh‘tS ‘HUL mmj %
Ty = 2T W)+ ®crn)
= @(nljn)
/\vuage Case

n}n

Litaition: Sepprse alweys splits - am
1P 3 P e

Ten)= / \
T(?’") ,—',M e N —

T(T.w
/N /
Hon  keh 2o Len—cn
/ n dopth N
Bml e D 2

3 onlg, N ¢ Tone onbg\.s.-h

S Ten) = Q(nlﬁn)
Randomized  Quicksort

— running Hine ma(erm/ﬁh't fom input om’errnﬁ
s no assuhrfmn to /)\PM‘ disti bution.

- 'Eardmbj ohoose r,v-ﬂf dem -

\ Amxlfjsfs

| Prbve E[Tm] € Mlj“

for k=o. L 2. ‘ — —
Lt % i | tf 5mrafes k:nk- FAr‘h?lu \USE Z ktjk cin Ljn L
k= 0 el 7]
(indicator Voviable) ‘ E[T(M]L :2, Aklj/c +Ow)

¢ iﬂ-‘,n}(jn ‘3" *)t P

E: *
T o)t Ten-1) + O if oot | = anljn- %’H Oem
TCI\) = Tt Ty + Pw) ;.r R < anlgﬂ
To) *Tw) + O .‘]" n-l: 0 !
ot
Ty = Xe ( T+ Thk-) + D) |
=
|

E(Tm) = i E (X - E[T(k)+T(nku+9wJ

raytutuns Tandom choiog made -
mdlralldm't

= & BETw)x2 * 15 ow |
< 2 BEITW) £ O™ |




Linear time sortirg

Com arison govtinﬂ model
— only use wmra_ri:ohs Lo oltormine order

— No cvmravi:vw sorting alﬁuvifhm runs ‘fartzv than nlﬁn

Z O G, Q> ﬁr Aecision tree -

onch Tnternal nodes compare two elems

i the tree info two subtrees whowever making & cumpatison

Ame = Lemjﬂl o]” x )w/e—teaf Faﬂ\
st caser the /wjht nf the tree

> sr\

2 runnin j

Proe that the I\tin nf the decision tree is DLnLjn)

M # lpmes must be n!
hdj'\’f R > H laves € 2
5 et n!_e'v/v/z-{
Az tgn! e
Z nldn
3 b= 12 (nlgn)

Tkmfﬂva, all comrari&ar\ som‘nj aljas are jz(n[ﬁr\)

\ cmmé ot modd |

Inru'f A [lon)
cach A € T2 k)

Count  how many times xellnk appeors amarg ATt -n) .
Then  rearrange the inrm‘ aray using he  cowrter . \’amxi“ﬂg Sf“e Ok)

> Time Olktn)

Stable sort presere the relative onfer of eloments .

Radix St | Hollesith 1890

—o(fﬁit b5 digit gortinj
— stort ]'*rom the least ;[jm‘ficant d;jrt & muct be stable sort
it the Gt ~ K dligits (Shﬁn')() are gorfed

— when SDrtinj A olij
now the last two

86 4 [3\1 4‘:>,| o A |
ex 36 = 8|6 3 S:Z 9 dtjltg rnfw‘ﬂ in order '
43 s 3 347

n intmes in b bifs

g“ e -
Hm &yr d?fj;ff, ga(l, r Lits (ﬁhg_

sFLits into
Time: O (b (D)
Choose r:tgn. = O(—%’i)
Dr > handle 0.1, - Ylﬂ(—l h O(g{n) time .

Order statistics

f{no( L omallest  (elem of yark k)

— givan n elems ,

naive:  Sort A ond retwrn ATE D O(n(ﬂn)

\ W Eylwﬁw( binear

Randomeelect (A P,li.i):
ﬁ" p=1 then retum ATpl

r= mnp(pm&uicksorl‘ (A. 2 4)
k= r-ptl /7 rank (ATr). Az T =]
;ﬁ ik then retion AT P r 1
dsaﬂi_ﬁ <k then retwn Randomselact ( A P- )
then return Pana&:mszle;t(%\, ri.q. i-kK)

Vi Fivtt Posiﬁon

i_(_se

Prove Ty s linear (exrwtd )
E(Tw) £ ¢k fr ken

An S18

pssume s elems are distinct-

T (maxfo.n1y) 4 [eXp) gf 0:n-l

T < .
- Then: , E(Tw)t B
E(Tow) £ 7 20y BT
o i R0 »e
T (mex (a-10y)+ D™ for é%k k+ Ow
-1 n £
- 8w [Tty b d L% OW
SE(Tew) = %E\T(mx{k,n—k—ﬁ))ﬂ\ 7'{;;,.,9[") =cn- (TIUL— D)
- <en fhr ¢ guﬁidufb
large -

*
<2 8 Erw)r Om
k= 1%)

|
|
|
|
|
|
|
|
|
|
Tatss 1. |

SE(Tw) = ®(n) -

Morst - Cose  Linear-time order statistic

Blum , HOSJ . Prott . Rivest ,iju. 1913)
iolea:
_ ﬁuamr\feeo( 50»0( r.‘vot

Qe
1. Devide the array

into %] 3m~rs c,on‘hu‘ninj (ot most) 5
And FIM{ the “medium of each jyuul)
@( n)

elems.
notation: % ach
I
i@

Q. Recw&ivebﬁ Celect the medim
of 1l medium .

one -

> T(%)
3. Partition with x ag pwt P
A X
RAhgdnv:iz:oS{ { Let k = rank €X) P

4 of =k then  retum X
i ek then recwsively select the i smallest in the bower Favt of A

olse rzwrxivdj select the G-kt swellet in the ‘b\qu ravt o A

Pralgsis 3 (10%)/, | eloms <

(ot least) zXx

=3[ Ml

gim‘;l‘-td’inn

>y T Y TFM+ Ow
> Tw= Oy

for w51, 3] 7



Haskihﬁ

| sgmbat— table éroblemi

Table S heldling 1 recordls Olmnﬁons-
keyTx1
ptr x Satellite ~ Inset ($%): S« Sved H dynamic sets
dota - Delete (S %) S C-{x}
rocor ~ Gearch (€. k) returms X if kej[X]=k
nall if no such x.

l Hashing

Hash funchlon h maps

kejs "rm\d»mln,l" into slots o'f table T

create lists

/\haécig {

Wory{' C&Qei €V(’.Y_lj keﬂ Mashes 4o same SLD’t-
Access takes Oty fime.

Average_Case
P\Ssumrﬁon of simrle
- eack kwj keS i o
- im(ﬂrwlenf ‘P"m where other I@j

unitorm }\ashing_

¢ are sbted

a hash

Cl‘boosin

chainin

ﬁPesdve collisun by

mllfj lilcetj o be hashed o any ots in T,

unction

Quppose: kajs drawn ‘from u= ot -.m}
Pssume keys are atx'sﬁhsf»s 1 ey Dk
) T ax of xeS ond ke X]=

Cet: TrKI® t\hull. foﬂuwisz\ !

Orzm‘éinns ke Oy time.

Suffer great limitation.
9

hG)= h(q.?) = h(52) = h(86)

actor

De'f, Load
nkeys. m slots .
o= s average &njﬂ\ nf each list

> Exret’rea( Ml Search time :

= Qu+e)

Exrecteo( search Hime = O {f o= 0w
4 if n= Ow

— should distribute kejg Mif"’"ﬁ nto  slots.

- Rejulari

hik) = k madm
— Dontt pick m with smalt  olvisor of -

Ex o2 .2 if kejs are all even.

Thus, choose. m.= rrime_.

Pesd\;in collisions bb o M’asin@.

= No Hmnjq, fw links .
= Probe able ij‘z’"ﬂt;”’@ v '45"”3 [ s‘eTw\u Ef hashihj -fum,ﬂons

h(k) 2 hikt)
T
key  times pf fAilu‘ }u;l.ing,

- follow same sequente while searcl'lihg,
— cannot delete & rewrd ‘“f‘@'

- n rards. moskl.  hem

Probing  Stratedies  (fu opon hasking)
bk s (hik,o4i) mod m

1. Linear :
Problem - clmteyihé rhmmm-\ .

2. Dodie hokg + htki) = (03 ) mad
usmllj Fitk =2 and h. tobe odd.

all ool shts mever used .

h kzj fistributions  choulol not nﬁcect unifvmy

‘/\AM(ﬁ [ication ymethod Juster thon dvision pathad .
ms=2

= Computer has w-bit words
hio= Ak mo 2) r'lj}d:skifﬁ (w-r)

T
odol Yrrbjer Mep 2
— A not too close o o Y

AM{ s 0] 0 lwskinzf

'Asshv.rﬁlmx eoch ,:aj 51"“]5 w‘"‘j to have ony one of the m! FDMS 0 its
probe e fnﬂ{l.r. .r sthek.

— Theorem . E (times o‘f rvubu) < 1_-1? {f ote.

P_’l‘i 1 Fr-h olunys  necesary
Witk prbsbiity D oollision S ahother

Now with }mb. Lm_ll ollision .

Frpl:t .

oter ok ofo = o (79

ECH pb =l R

(1+ (e B U W),
ittt a (14 - ))

£ fpotat e
\

T-ot .
Dif «<l is Cmstawt . ow Fmbos.

— Take ™= L



Construction of & universal  hash ﬁmaﬁm

Universal hashing
Let m be fﬂme: De amose key k into rHl digits

Weakness of hashin ke Chokoo ko whoe o¢hkigml (ks m).
Pick s <oy A ench Qi chosen rondonly from 0~m-
HM’\ fum‘“on: hatk)= (iﬂ,’ﬂ) mod m

For any choice of hash ﬁmct.‘m\, oxists o bad ot o‘{\ kaj&_

3 Chose a hash function ot ranclom. = ondsp- from -in‘mt
\ Universal hashin 194 "
Dif. U o Df kej&l Prove_the H is wniversal :
fH': fini?! collection of hash ]%\rﬁons rm:f[:ihj Ut Tot, -, m_,” Lot Xo o e Y7 g I
¥ is wniversal, if Yxyeu. [xry), l{'hé‘)‘l’,hm:hzj,H - B":t\_ WLog. (it bs o queniy). diffor ot patin 0. x*9d
Theo 1f wlide, ho () = ha®) .
rem ?
Chose h rArM{Dndﬂ frum HN. Aaskind h Aeﬂs wts m slots. "—5% LY = %ﬁ,g‘ (mod. m)
For o given ke x. E(# ollsme with X) £ . @ ?_ Qi (%-Y)= © Cmod #)
@ poey) =5 0 067y (w7

Number theory fact.
m rrime. Y z€Zm. ond z%0.
3 ungue e, st ozztlzi omed m.

vtal # collisions of kt#s in T with x.

o,

Cx ¢ randomn varisble denoting.
N B T |
Ioaf hwzkg F (Cxy) =7 Cx =,$2T,fg>‘3

ttt CXj:(
0 otherwise. ! 5C s e
) E[CX:] = E [tT-Fx]x” = s m -
et I n Jere) & 0oz (FZ806Y) i) ik 7
= 2 2o
" f T enist (%47 )
ﬁy;}l choicgs o Cawse aollision

m
Q. deponts on Du~r Sm =



Pevfeut Msw\g,

— Given n keys. construct o static hash fable of sze m= O

ot cearch takes O ime n +the worst_Case
—

Tdea: 2-level schemg with universs] hash at both lovel, with o ollton o o Lol
Tardow vaviable. dedding. hesh function

ey = hawn = 1, ha o=l ha2l)=2

S
popEAEnnna

If thee we N hashed o level=1 slot 1.
cbots in fewl-2 Table S

use ms =M

Analysis
Thm. Hah n kejs ity mzn® shis  using yandom b n wniversal +

E [ﬁ onllisinm] ‘5
Popa 2 givn by clide s = &
(C)Yaivs o‘r '(BHS

> E[# alhsims] = (M) 55 = 2w <T

For vandom wwiable X32, Rix>t} ¢
P Eoos [k ROt [Tub e
3 o [ tPOGk
27

- R(X2tlt

Erx
t

Pf{hc u”ffior\)( Z';_‘_

?Y{ 51 ﬂo”rsion} < E(4 (;llisians) ol

S Prino wham}®E
Ty find foul 2 hash fnction - st g Ao fid ane ik i
Frove»( bobe gy

For level 1. chose mzn.
For Lol 2. chose mizn

> E[tehal Sﬁnmjz] =+ E[ ? ow]
= Q.

Balamaeo( gearch Tree

~ Seprch tree dota structure maini’a\jninav djnamic cet D]F
tre of hejM (9((?77\)

n elements usiha

EXAMF{Z(;

— AVL tres LT

— 2-3 ‘e Red- Black B’vﬁﬁei

— 2-3-4 trees 1 Evuﬂ node i either red or black

— B-tres
2. The root & Leaves (nil's) ar black

— Reol- black trees " ’

_ Sk;[’ List 3. ij ved nde  has Liack famd'
nonn < s ot Lam oa owedh ¥

Binarg Gearch Trees (BST)

- Buildl  BST
Algorithn
—odo an irorder trowersal () } m

— Came s ok Srt i disgie ( make same oom]wi

et 257 6] = | Rzl Grsd

sons, bul ih D‘lﬁ‘ﬂ“{(’ an(ﬂr)

Theorem
El hagt of yandym built BST ] = O (g n

jer\sm E)( ec 21’{ }'L kt
s Ine ol I r Lg
| Xnz V. °‘f\l et T\ vandomly bl BST

F: convex function |
Yo < f‘“ yankn =k
kN K
if vank Ct) = k.

) < E (]
!

Xn 11 |=+ mx fﬂ—k,)ﬁ-.ﬁ
Yoz 2 Max f Yo-k, Yead

Prof.  COnVex: XX €ER.
P o+ o) € ooy (o foe)
oleal with "plus 1"
colonlate )_x" thstod ﬁf X

Let th:r' ronk =k

o otherwise .

> f(é) k) ¢ :?"X‘»f(X:) (oo F06=1)

f ( %o(:x;) = j\la,)w(]—w)g l%in xk]
< D(nf()(h)'*(lw(n)f[?:]%”)(*l

> fEW)= {(Euj(a)al«) < J: Juw gus
[yt /2 B

|
[
|
[
I
|
|
wed shdduction
proved by inducts |
|
|
1 1
| E@wew
I
|
S Yo Z G (2mcter )
E (%)= ELE, 2o (amec { ook Yeu)

£ maxf Yook, Yo ]
El Y-kt Y1)

2

"

Mz TM> TV

n

RG]

s

ELYE] / Bj cubstitution methool

)

Clam: ELX) €0
I*f E[’TK]Sckl whenever ken

i e EEEMN <4 BP - SN0V

> Bl = 00¥)
2Ean) <[ 2*"1: Etk)= 00

s
By Jourr's Tepeiy
3 F(Xn) 3£jn + QW)

P\Mﬂ menting Pata Structure
Methadslogy -
1. Chwse a DS.
2. Defgrmine addlitional Tv\fo.
3 me\j iv\fn maiitained while operoting
4 Usy info To develsp new optetions.

(In Balaneeo Tree)

Celect G) : teturn it smallest elem-
Rank (%) : retum the bk of X.

(Selut ™ smallest in tre roted at X. ,
memorize SiZe nf each | Analajsi;v
k= (oleftfosize +1 sibte. end bt 16 (1)
g (k=) mw“n X when  Tncaiting Deleting : (4
£ | Rak] Ao D(YM
de if (ick) retum Selt (xouft, D)1
else yeturn Select (xoright .-k ):

Undndo cize of eoch subtree




4> T s

J

- ']ZBu; z:“k 2. The root & Leaves (il's) are black
- - black trees
_ Sk;r List 3. wa_g reo node has black famxf
- Trears 4. Al ;ir.\rle r.ﬂ; ]’-}nm & noke X

4o its descondont leaf hove same

W black nades = black -height (X)

X O ologs net contein X italf
}ZD\ 18 Theorem
©, D) Red- black tree with n l(ﬂjg has ho;jH:

he 7“"\‘] (n+9).

® ©

2-3-4 ‘tucsll ﬂm
& @

Muje mg red rodes with ther FAVCI({!
— 35 Pnrrfj 4, every loaves hm ame dc[)tk
= 7_ £ H leaves € 4
B loaves = Nt (In either tree).

5 ke

(nt))

Fnsufvc BST propties:

/\ left< rost right

return Select (xoleft, 2) 1
I

else i (ak)
yeturn  Select (Xright .- k)l

else
M'}a gize of eoch sujtree
Ex.  Insert(X) 2 Tnsert, Delete (and ural.‘h size)

on the path.
Now the tree may ko [m\Jn holdl Red -Black Pn)w'fﬂ
- Urda.te Size o(uvivj Retation

.,?Lus one at esck o shlL O (Loj W) time.

Tnterval trees

[N b
Mainfain & set of inter vals. b:———f—%k it

Operations :
- Query: Fird an interval in the cet thet ovarlaps with X

1. Red- Black tree , use ™ um(roinf as keﬂs
2. Store in nede the [mjeh‘: value of the subtree rooted

3. Modifﬁ nrm’rivns

ot that node
il

he¢2he zlj (wt)
va to Yrec&vva Redl -black rmro,ytj’? o’{'a‘tloh Insert :
= Updote max aling The path

- BST ortm‘h‘vm ( Delefe. insert, etc.) - ~ fix rofution Tk 001 ime
= ool chae X% Totlly fokes O Clag)
—  reconstructurin links via  rotation: o

# o Mm” 4. Develop new operation

7 Find ap Dntervel thet overlaps with T -

Tuterval Search (3):

X= rot .
while (x;c,\.l and (i-low>X- }ujh or x‘hwn.}ujk)J

Tnsert (X
1. Tree -Insert (x)
2. Chase color red Cose 1. (B ﬂ ge N R N
5 1f e qunt is vl 2 bk popty 3. & ©> @ © it (e il and Llow ¢ (x i) ma)
Then move Violation up via recaloring ) then % = x.ldt
until we can fix vielation via rotation / recolovin x=B. ® olie  x =% right
xpeet) et Cose 2. refwn X
while (x# rost amd X color = Rest) @[}wy fw
b i xpet= ( mw ® A ﬁ :5% Argly sis
if ,j_w ~Red  <Ca 1> v Time= Olg™)

e if x-_—ix.rqmt). vight < Cue D =R =S goinb e 3

List Mlovabfs‘ O(k(ﬁh) [k=ﬁW"{lf‘)

olse Ccase 3> Cas 3 Rigkt-

elie  Qymmetric (Lt o right ) ﬁb Retite(B) %@ M

Yoot eolor = Black . hmlﬂmj L= (Ve xbity  R= {Le X~Vijl‘t} K= £7 overlaps with 3}
If search ﬂnu vijl\t. Lhk=¢
1§ semh gos L. IfLOK=9 then ROK=P

¢ ki[; Lists

— dynamic search  etracture

= O time cearch

SHarting fom & sorfed bist
a2

Add - anyther list that Stores onlﬂ o fow elews

oL SR S S
[AY L M
Worst Cases Time z L1t —L’l 2 2dn
N7 )
. s list Time
Add more Bists | "
2 20n
Sl k=l 3 3in
Time= {1 S = 24n k kK

An Tdel skip list

—_—
Zldnﬂrml —_—

How to Maintain ?

Tnsat (X)
— Search o find the plee to Tt
it the bottom List .
wako & o UD A Lol

= Lnert X

M- NS R O

P\mor‘fizeo( Analys

How (arje chowlol a hash fable be 7
-a 'fwlevff between time & space-
— what i f We dot know n in advance ?

Solution: Emwn ables .

]:f Hble s "]euu”, Resize anol move elems into the new table,

Amatized:

ryfnm‘nll. n the wont (se

Avernge

. k kN
resize: 22 2

Anabgis  ( Amortize)
Woret Case .,f 1 Inet: OW (wm'wj)
Worst  Cose of n Inset: @('\) NoT O .

0;: time cost of i insat: o Gt of n Tt

-~
i1 if 1=2¢l lgenn) Llgtwn)+
Cc‘—f: i‘:’_ icl-nf "‘1— 1eh+).J £3n
other wise. o J’
Ch,
)

> Ameje Cost =

thtu of Amortized Aml/:]sisa
- Ajaujun — Accounting
(The above)

N
M: ckang i operstion with 4 fictitions amortized oost Ce.
Sum of the amovﬁiep( st — sum of all operations u o that peint 20

LS

= Potential

A~ A




(Insert (X)
— Search o find the phee to Tt
— Lot x into the bettom Gist .

- be o coin (o preb) ¢ make % P vp o vl
(—)(ph “this Yecwciv@)
\Delm x)

~ Just delete x of m\ﬁwhm-

Theorom
—~Every seah ih n-element skjF fist  costs O%R) with
kiﬂ\\ prb- Vasl , Prob. > I- 0 (%)
Pro»f. i ,
Pri# lists >cljn]1 <n- el = 5E
backtrack .
~Now start fom The ‘fAvjd e it the bottm Lt /7

- each “time goes bft o up dzrmdﬂvﬂ on can flip (5% pb)

up moves £ # lols
<clyn wit Nigh . (21~ %)
B moves < B colng f'{i]m( il rwcLth clan. W’L"P-Lzl‘yﬁ:’)

If -ﬂir kc(jn Coins,
kclqn () clgh
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clon
y X < lj(kc)-cljwcﬁ-ucl]n
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[Aconting]: che
Sum of the amovﬁiep( st — sum of all operations u o that peint 20
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~0i=3 Pr it insert .
{ for immediate ineert, 2 sbred for Bable d»uLlina_
-~ When teble doubles

1 for moving old clems. [oo[2lz] 2=t t mawe & dens.
j (2o, 2 Mw.)

L o movig naw dloms seTelel T 11T
> %‘C;S :2“& =3n
o ex Table dmb(inj
Po‘ten'ti&t methol Def B (D)= 2;[_2“‘311
Fromework: Assume S8,

~ clart with ditu strctwe D B 2 2i- Zlﬂiﬂ . si-d=o.

_ Ovemtion i trasprn Di 1o Do, cost C: R
D" P'Tflrf'ﬁ\d @ {D‘l R Ca=Cnb§-.

- e  PotenTial netion : ) — . N " lai
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= Define amortized cost & wrt B ois:
&= ot B -3
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=B, P.mm diffwence.

@ jookn, LTt i aiN=3
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> i&:Bn-
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C omFeﬂtive anaysis

Def, A sequence S af nrmﬂnn: is Frpvidu one at a time,
For each op on onlime Aljo.Ammt execute it immealinﬁlj
[ MM“] s the Sefence in oolvance.
Qoal: min et of AL D Cals)

R| An online alg. A is o-com elitive 3 oot k.
g P

ot Vosy S of ops.
Cals) € xCoprls) Tk J
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—gearch (xy: cost time k . if rank =k
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Auerage Case o.mggis
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ElCa(s)f BP0 ™k

xel
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= 2rakpg, (X) 1 seacht e
Lx s e e e o ODT morbme i hanpeses
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Oveﬂarrina Sub?mbhﬂ\ﬁf A recursive solution contains o small” number of  olistinet
Subprobems mrm‘eo( many Fimes.
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Now 4 C(i:j]= {

Recursive tree:
(m.
\ 1
(m-1.n) (non-) it 3 002™™)
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3 ranky,, 0= IATHIBIH =T

3 X move-te- Port:
Fanky® 00 = 1A+ cli=r o
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£ ar+2(IA-Bl+t)

= 2r + 2 (Al- (r-1A1-1)* i)
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—Drjmrk (Directad)  G=(VE) )
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- Undrrected ﬂmrk '
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N\iM mum SPWﬁnﬁ Treeg (rady Nrithn)

Inrwf: Coraected, undirecteol jmrk R=(V.E) with we,ijkt ﬁahcﬁou:
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kaﬂ each vertex Tn @ with least wzijht awlectinj

furst ea‘\ljt Tn this

it v A

Analysis Q=V
Hpndshe king OLE) implit keyTvl = 2 Yve®
Decrense - Keys  chmse an arkbery se @, keyTsi=c.
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